On questions of strict contractibility  by Dydak, J. et al.
Topology and its Applications 120 (2002) 67–75
On questions of strict contractibility
J. Dydak a, J. Segal b,∗, S. Spiez˙ c
a Department of Mathematics, University of Tennessee, Knoxville, TN 37996, USA
b Department of Mathematics, University of Washington, Seattle, WA 98195, USA
c Institute of Mathematics, Polish Academy of Sciences, ul. ´Sniadeckich 8, 00-950 Warsaw, Poland
Received 13 September 1999; received in revised form 7 August 2000
Abstract
A space X is strictly contractible to a point x0 ∈X if there exists a homotopy H :X× [0,1] →X
starting at the identity such that H(x, t) = x0 if and only if either x = x0 or t = 1. Michael proved
that if E is a locally compact and non-compact space then E × 0 is a perfect retract of the product
E × [0,1) if and only if the one-point compactification E∗ = E ∪ x∗ of E is strictly contractible
to x∗. We answer some questions posed by Michael [Closed retracts and perfect retracts, Topology
Appl., to appear] and we characterize strictly contractible ANRs in shape-theoretic terms.  2002
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1. Introduction
A subspace A of a space X is a strict deformation retract of X if there exists a
deformationH :X×[0,1]→X, i.e., a homotopyH such that H(x,0)= x for each x ∈X,
which is relative to A, i.e., H(x, t)= x for each x ∈ A, and such that H(x, t) ∈ A if and
only if either x ∈A or t = 1. Observe that if A is a strict deformation retract of X then it is
a strong deformation retract of X.
A space X is strictly contractible to a point x0 ∈X if the set {x0} is a strict deformation
retract of X, see [11]. Michael has proved [11] that if E is a locally compact and non-
compact space then E × 0 is a perfect retract of the product E × [0,1) if and only if the
one-point compactification E∗ = E ∪ x∗ of E is strictly contractible to x∗. A retract A of
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a space X is a perfect retract of X if it is the image of X under a perfect retraction. He
stated the following questions:
Question 1.1. Is a compact metric AR X strictly contractible to any x0 ∈X?
Question 1.2. Is a compact metric AR X strictly contractible to any x0 ∈ X for which
X \ {x0} is AR?
We show that even in the case of compact polyhedra the answer to the both questions is
negative. However in the case of 2-polyhedra the answer to the second question is positive.
Also, every collapsible polyhedron is strictly contractible to any point.
2. Characterizations of strict contractibility
In this section we characterize strict contractibility in shape-theoretic terms. Given
a point x0 of X we consider the inverse system e(X,x0) of all U \ {x0}, where U is
a neighborhood of x0, bonded by inclusions. This way we get an object of the pro-
category pro-TOP of the topological category TOP (see [6] or [10]). The inclusions
U \ {x0}→X \ {x0} induce a pro-inclusion e(X,x0)→X \ {x0} in the category pro-TOP.
Our main result of this section says that, if X is an ANR, X is strictly contractible to x0 if
and only if e(X,x0)→X\{x0} is a shape equivalence. This relies on rather difficult results
from the strong shape category (see [7,9]) proved in [4,5] and we provide an appendix
(Section 4) to elaborate on results and concepts of the strong shape theory. However, if
X \ {x0} is an AR the characterization reduces to the shape-contractibility of e(X,x0)
which is much easier to handle and we consider that case separately as Theorem 2.2.
Lemma 2.1. Suppose X is metrizable and x0 ∈ X. X is strictly contractible to x0 if and





)× I →X \ {x0}
so that H0 = id, H1(X \ {x0})⊂U \ {x0}, and H(x, t)= x for all (x, t) ∈ (V \ {x0})× I .
Proof. Suppose that for any neighborhoodU of x0 in X there is a neighborhoodV of x0 in
U and a homotopyH : (X \ {x0})× I →X \ {x0} so that H0 = id, H1(X \ {x0})⊂U \ {x0},
and H(x, t) = x for all (x, t) ∈ (V \ {x0}) × I . Choose a decreasing sequence An of
neighborhoods of x0 in X so that An+1 ⊂ int(An) for each n, for any neighborhood U




)× I →X \ {x0}
so that H(n)0 = id, H(n)1(X \ {x0}) ⊂ An \ {x0}, and H(n)(x, t) = x for all (x, t) ∈
(An+1 \ {x0}) × I . Define fn :X \ {x0} → An \ {x0} by fn(x) = H(n)(x,1) if n  1,
f0(x) = x . Define a homotopy H :X × I → X as follows. H(x0, t) = x0 for all t and
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H(x,1) = x0 for all x . If x = x0 and 1 − 1/n  t < 1 − 1/(n + 1) for some n  1,
then we choose the linear increasing surjection an : [1− 1/n,1− 1/(n+ 1)]→ [0,1] and
define H(x, t) as fn−1(H(n)(x, an(t))). Since fn−1 ◦ fn = fn for all n, the function H is
continuous at all (x, t) such that x = x0 and t < 1. As H(X× [1− 1/n,1])⊂An−1 for all
n 2, H is continuous at all (x,1). From the construction it is clear that H is continuous
at all (x0, t) if t < 1. Thus, X is strictly contractible to x0.
Suppose there is a homotopy G :X × I → X so that G0 = id and G(x, t) = x0 if and
only if t = 1 or x = x0. Let U be a closed neighborhood of x0 in X. Choose a closed
neighborhood V of x0 in int(U) so that G(V × I) ⊂ int(U). Suppose we have a map
a :X→[0,1) so that a(V )⊂ {0} and G(x, t) ∈ U for all t  a(x) and all x . We can define
H(x, t) as G(x, t · a(x)) for x = x0 and get a homotopy H : (X \ {x0})× I →X \ {x0} so
that H0 = id, H1(X \ {x0})⊂ U \ {x0}, and H(x, t)= x for all (x, t) ∈ (V \ {x0})× I . It
remains to construct the map a :X→[0,1). Let
Un =
{
x ∈X \ {x0} |G
({x} × [1− 1/n,1])}⊂ int(U).
Notice that Un is open, Un ⊂ Un+1, U1 ⊃ V , and X \ {x0} = ⋃∞n=1Un. Choose an
increasing sequence Vn of closed subsets of X \ {x0} so that V0 = V , Vn ⊂ int(Vn+1),
Vn ⊂ Un for n  1, and X \ {x0} =⋃∞n=0 Vn. Using Tietze Extension Theorem one can
construct a :X \ {x0} → [0,1) so that a(V0) ⊂ {0} and a(Vn+1 \ int(Vn)) ⊂ [1 − 1/n,
1− 1/(n+ 1)]. ✷
Theorem 2.2. Suppose X is metrizable, x0 ∈ X, and X \ {x0} is an AR. X is strictly
contractible to x0 if and only if for any neighborhoodU of x0 in X there is a neighborhood
V of x0 in U so that the inclusion V \ {x0}→U \ {x0} is null-homotopic.
Proof. Suppose X is strictly contractible to x0 and X \ {x0} is an AR. Given a
neighborhood U of x0 in X there is a neighborhood V of x0 in U and a homotopy
H : (X \ {x0})× I →X \ {x0} so that H0 = id, H1(X \ {x0})⊂U \ {x0}, and H(x, t)= x
for all (x, t) ∈ (V \ {x0})× I (see Lemma 2.1). Let G : (X \ {x0}) × I → X \ {x0} be a
homotopy joining the identity and a constant map. Define F : (V \ {x0})× I → U \ {x0}
by F(x, t)=H1(G(x, t)) and notice that F0 = id, F1 = const.
Suppose X \ {x0} is an AR and there is a basis of open neighborhoods Vn of x0 in X
such that cl(Vn+1) is a subset of Vn. Then the inclusion cl(Vn+1 \ {x0})→ Vn \ {x0} is






))× I → Vn \ {x0}





)× I →X \ {x0}
joining the identity and a constant map. Notice that F |cl(Vn+1 \{x0})×I ∪ (X\{x0})×{1}
has image contained in Vn \ {x0}. By the Homotopy Extension Property, there is a
homotopy F ′ : (X \ {x0}) × I → Vn \ {x0} which extends F |cl(Vn+1 \ {x0}) × I ∪ (X \
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{x0}) × {1}. If one homotops the identity of X \ {x0} using F and then the reverse of
F ′, one gets a homotopy from the identity to a map with image in Vn \ {x0} so that on
cl(Vn+1\{x0}) that homotopy is homotopic rel. {0,1} to the stationary homotopy. Using the
Homotopy Extension Property again we get a a homotopyH : (X \ {x0})× I →X \ {x0} so
that H0 = id, H1(X \ {x0})⊂ Vn \ {x0}, and H(x, t)= x for all (x, t) ∈ cl(Vn+1 \ {x0})× I .
By Lemma 2.1, X is strictly contractible to x0. ✷
Definition 2.3. By the end e(X,x0) of X at x0 we mean the inverse system {V \ {x0} |
x0 ∈ int(V )}. Notice that there is a natural inclusion e(X,x0)→X \ {x0}.
Theorem 2.4. Suppose X is metrizable, x0 ∈ X, and X \ {x0} is an ANR. The following
conditions are equivalent
(1) X is strictly contractible to x0.
(2) The inclusion e(X,x0)→X \ {x0} is a strong shape equivalence.
(3) The inclusion e(X,x0)→X \ {x0} is a shape equivalence.
Proof. We will show the equivalence of (1) and (2). The equivalence of (2) and (3) follows
from Theorem 4.7.
(1)⇒ (2) This follows from Lemma 2.1.
(2)⇒ (1) Suppose U is a neighborhood of x0. Let M(iW) be the mapping cylinder of
the inclusion W \ {x0} → X \ {x0} for every neighborhood W of x0. Theorems 4.3–4.4
imply that there is a neighborhood W of x0 and an extension g :M(iW)→ U \ {x0} of
W \ {x0}→ U \ {x0}. By Homotopy extension Theorem we may assume that g(x, t)= x
for all x ∈W \ {x0} and all t ∈ I . Consider p :M(iW)→X \ {x0}, the projection onto the
first coordinate. Let H : (W \ {x0})× I → X \ {x0} be the homotopy joining g|W \ {x0}
and p|W \ {x0} which is constant with respect to t . By Theorems 4.3–4.4, there is a
neighborhoodV of x0 and a homotopyG :M(iV )× I → P joining g|M(iV ) and p|M(iV )
so that G|(V \ {x0})× 0 is stationary. What that means is that g|(X \ {x0}) :X \ {x0} →
U \ {x0} is homotopic in X \ {x0} to the identity rel. V \ {x0}. By Lemma 2.1, X is strictly
contractible to x0. ✷
The basic example of strict contractibility is that of the cone C(X)=X× I/X× {1} of
a space. The next result shows that all cases of strict contractibility are related to the basic
one.
Theorem 2.5. Suppose X is metrizable and x0 ∈ X. Let α :X→ [0,1] be a map so that
α−1(1)= x0. Define i :X→ Cone(X \ {x0}) by i(x)= [x,α(x)]. X is strictly contractible
to x0 if and only if there is a retraction r : Cone(X \ {x0})→ i(X) so that r−1(i(x0)) =
i(x0).
Proof. Notice that i :X → i(X) is a homeomorphism. Suppose there is a retraction
r :C(X \ {x0}) → i(X) so that r−1(i(x0)) = i(x0). Define H : i(X) × I → i(X) by
H(x,α(x), t) = r([x, (1 − t) · α(x) + t]) and notice that H establishes the strict
contractibility of i(X) to i(x0).
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Suppose X is strictly contractible to x0 and let H :X × I → X be a homotopy so that
H0 = id and H(x, t) = x0 if and only if t = 1 or x = x0. Define r :C(X \ {x0})→ i(X)
by r([x, t])= [H(x, t), α(H(x, t))] and notice that r is a retraction so that r−1(i(x0)) =
i(x0). ✷
Corollary 2.6. Suppose X is metrizable, x0 ∈X, and X \ {x0} is an ANR. If X is strictly
contractible to x0, then X is an AR.
Proof. Notice that C(X \ {x0}) is an AR if X \ {x0} is an ANR. ✷
Theorem 2.7. Suppose X is metrizable and A = ∅ is a closed subset of X so that both A
and X are ANRs. X ∪C(A) is strictly contractible to the vertex v of C(A) if and only if A
is a deformation retract of X.








X ∪C(A) \ {v}
i ′ and j ′ are strong shape equivalences. This means that j is a strong shape equivalence if
and only if i is a homotopy equivalence. ✷
3. Strict contractibility of polyhedra
If X is a polyhedron and x0 ∈ X, then every regular neighborhood N of x0 in X has
the property that X = (X \ int(N)) ∪C(∂N). The following corollary is a consequence of
Lemma 2.1.
Corollary 3.1. If X is a polyhedron and x0 ∈X, then X is strictly contractible to x0 if and
only if ∂N is a deformation retract of X \ int(N) for each regular neighborhood N of x0
in X.
The above corollary allows for a general example of a contractible polyhedron which is
not strictly contractible to a point (cf. [1] or [3, Theorem (10.8), p. 124]).
General Example 3.2. If X is an acyclic polyhedron which is not contractible, then the
suspension Σ(X) is not strictly contractible to its vertex.
Proof. Σ(X) \ {v} is contractible and e(Σ(X), v) is equivalent to X. ✷
Proposition 3.3. Let X be a polyhedron and x0 a point in X. Suppose that X and X \ {x0}
are AR’s. Then the boundary of a regular neighborhood of x0 is acyclic.
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Proof. Let N be a regular neighborhood of x0. Then X \ intN is contractible since it
is a strong deformation retract of X \ {x0}. Then the (q − 1)-homology group of ∂N is
isomorphic to the q-homology group of X by the Mayer–Vietoris sequence. So ∂N is
acyclic. ✷
Corollary 3.4. Suppose X is a 2-dimensional contractible polyhedron. Then X strictly
contractible to any x0 ∈X for which X \ {x0} is an AR.
Proof. Let N be a regular neighborhood of x0 for which X \ {x0} is an AR. Then ∂N is a
1-dimensional acyclic polyhedron, so an AR. Thus ∂N is the strong deformation retract of
X \ intN and, by Corollary 3.1, X is strictly contractible to x0. ✷
Remark 3.5. Above, in Proposition 3.3, Corollary 3.4, the assumption that X is a
polyhedron can be weakened to requiring that A (or x0) has a polyhedral neighborhood
in X.
Proposition 3.6. If Q is a collapsible polyhedron then it is strictly contractible to any
point q .
Proof. If Q is a collapsible polyhedron with respect to a given triangulation T then its also
collapsible with respect to its barycentric subdivision T ′ of T . Thus we may assume that
q is a vertex of the Q. We also may assume (see [12, p. 338]) that there exists sequence of
elementary collapses of Q to the point q . Modifying the sequence of elementary collapses
one can obtain a strong deformation retraction H of Q onto a regular neighborhood N of
q in Q, such that the image of (Q \ intN)× [0,1] under H is (Q \ intN). Consequently
Q is strictly contractible to q since the regular neighborhood N is strictly contractible
to q . ✷
A metric space (X,d) is strongly convex if for each two points a, b ∈ X there exists
exactly one center, i.e., a point c such that
d(a, c)= d(b, c)= 12d(a, b).
Proposition 3.7. A strongly convex, complete metric space X is strictly contractible to
every point p ∈X.




)= (1− t) · d(x,p) and d(H(x, t), x)= t · d(x,p),
and H :X× [0,1]→X is continuous, see [13, p. 362]. ✷
Let P be a polyhedron defined by Borsuk in [2], i.e., P is the CW-complex obtained by
attaching the discD to the 1-sphere S by a map ∂D→ S corresponding to the word aaa−1,
where a is the generator of π1(S,∗). This contractible polyhedron was also considered by
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Zeeman and was called the dunce hat [14]. One may verify, by using Corollary 3.1, that P
is not strictly contractible to p, the only 0-dimensional cell of P . Thus, by Proposition 3.7,
we obtain an alternative proof (cf. [13]) that P cannot be metrized in the strongly convex
manner.
4. Appendix on strong shape equivalences and SSDRs
This section is devoted to proving that pro-maps to ANRs are strong shape equivalences
provided they are shape equivalences. This generalizes a result from [5] which says that a
map f :X→ P from a space to an ANR is a strong shape equivalence if and only if it is a
shape equivalence. It is known (see [5]) that there exists shape equivalences which are not
strong shape equivalences.
We refer the reader to [6] or [9] for basic properties of pro-categories. In the case of
the pro-category pro-TOP of the topological category TOP, its morphisms will be called
pro-maps.
Let us recall the definition of strong shape equivalences (see [4]).
Definition 4.1. A pro-map f :X→ Y is called a strong shape equivalence provided the
following two conditions hold:
(a) for any pro-map g :X→ P ∈ ANR there is a pro-map h :Y → P such that g ≈
h ◦ f ,
(b) for any two pro-maps u,v :Y → P ∈ ANR and any homotopy H :X × I → P
joining u ◦ f and v ◦ f , there is a homotopy G :Y × I → P joining u and v such
that H ≈G ◦ (f × idI ) rel.X× {0,1}.
The next definition and Theorems 4.3, 4.4 can be found in [5].
Definition 4.2. A pro-map f :X → Y is called an SSDR pro-map provided any








has a filler provided K is a finite CW-complex, L is a subcomplex of K , i :L→K is the
inclusion, and P ∈ANR.
Theorem 4.3. A pro-map f :X→ Y is an SSDR pro-map if and only if the following two
conditions hold:
(a) for any pro-map g :X→ P ∈ ANR there is a pro-map h :Y → P such that g =
h ◦ f ,
(b) for any two pro-maps u,v :Y → P ∈ ANR and any homotopy H :X × I → P
joining u ◦ f and v ◦ f , there is a homotopy G :Y × I → P joining u and v such
that H =G ◦ (f × idI ).
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Theorem 4.4. Suppose f = {fa}a∈A :X = {Xa,pba,A}→ Y = {Ya, qba ,A} is a level pro-
map. The following conditions are equivalent
(1) f is a strong shape equivalence.
(2) The inclusion i :X→M(f ) from X to the mapping cylinder of f is an SSDR pro-
map.
Theorem 4.5. Suppose P is an ANR. A pro-map f = {fa}a∈A :P → Y = {Ya, qba ,A} is a
strong shape equivalence if and only if it is a shape equivalence.
Proof. Suppose f is a shape equivalence. Let ia :P →M(fa) be the inclusion for each
a ∈ A. We are going to show that i :P →M(f ) is an SSDR pro-map. Since i is a shape
equivalence, any pro-map g :P → Q ∈ ANR extends over M(f ), i.e., condition (a) of
Theorem 4.3 is satisfied and we need to verify condition (b). Suppose g,h :M(fa)→Q ∈
ANR are two maps and H :P × I → Q is a homotopy joining g|P and h|P . As f is
a shape equivalence, we may assume the existence of a map r :Yc → P for some c > a
so that r ◦ fc ≈ idP and fn ◦ r ≈ qca . Let qca :M(fc)→M(fa) be the obvious extension
of qca :Yc → Ya which is identity on P . Notice that both g ◦ qca and h ◦ qca extend over
M(fc)∪M(gc). Let us show that in case of g ◦ qca . This is the same as saying that g ◦ qca|Yc
is homotopic to g′ ◦ r for some g′ :P →Q. Notice that g′ = g|P has the needed property.
Indeed, g′ ◦ r ≈ (g|Ya)◦fa ◦ r ≈ (g|Ya)◦qca = g ◦qca|Yc . Now, notice that M(fc)∪M(r) is
homotopy equivalent rel. P ×0 to M(r ◦fc) (see [8]) and that space is homotopy equivalent
rel. P × 0 to M(idP )= P × I (see [8]). Clearly, for any any two maps g′, h′ :P × I →Q
and any homotopyH ′ :P ×0× I →Q joining g′|P ×0 and h′|P ×0 there is an extension
G′ :P × I × I of H ′ so that G′|P × I × 0= g′ and G′|P × I × 1= h′. Thus, the same is
true for M(fc)∪M(r) which completes the proof of condition (b). ✷
Remark 4.6. Theorem 4.5 generalizes Corollary 1.10 of [4].
Theorem 4.7. Suppose P is an ANR. A pro-map f :Y = {Ya, qba ,A} → P is a strong
shape equivalence if and only if it is a shape equivalence.
Proof. Assume f is a shape equivalence and let g = {[ga]}a∈A :P → Y be the shape
inverse of f , where ga :P → Ya is a map for each a ∈A and [ga] is its homotopy class.
Case 1: A = N is the set of natural numbers and each qba is a Hurewicz fibration. In
this case we can homotop ga by induction on a and achieve maps ha :P → Ya such that
h= {ha}a∈A :P → Y is a pro-map so that f ◦ h≈ idP . Clearly, h is a shape equivalence.
By Theorem 4.5 it is a strong shape equivalence which implies that f is a strong shape
equivalence.
Case 2: A = N is the set of natural numbers. By induction, we can enlarge each Ya
to Y ′a so that Ya is a strong deformation retract of Y ′a and qba :Yb → Ya extends to a
Hurewicz fibration pba :Y ′b → Y ′a (see [5]). Clearly, the inclusion Y → Y ′ is a strong shape
equivalence and f extends to f ′ :Y ′ → P . Now, f ′ is a strong shape equivalence which
implies that f is a strong shape equivalence.
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General Case: This case can be reduced to Case 2 as follows. Given any a(1) ∈ A
with f1 :Ya(1) → P representing f , find by induction elements a(n) ∈ A and maps
gn :P → Ya(n) so that f1 ◦ qa(n)a(1) ◦ gn ≈ idP and gn ◦ fn+1 ≈ qa(n+1)a(n) for all n, where
fn = f1 ◦qa(n)a(1) for n > 1. Now, we have a shape equivalence {Ya(n)→ P } which is a strong
shape equivalence. Applying Case 2 and Theorem 4.3 one proves the General Case. ✷
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